GRADED LOCAL COHOMOLOGY: ATTACHED AND 
ASSOCIATED PRIMES, ASYMPTOTIC BEHAVIORS 

MOHAMMAD T. DIBAEI AND ALIREZA NAZARI 

Abstract. Assume that R = ©j gNo Ri is a homogeneous graded Noetherian ring, and that 
M is a Z-graded R-module, where No (resp. Z) denote the set all non-negative integers (resp. 
integers). The set of all homogeneous attached prime ideals of the top non— vanishing local 
cohomology module of a finitely generated module M, H^ + (M), with respect to the irrelevant 
ideal ij+ := ©j> 1 Ri and the set of associated primes of (M) is studied. The asymptotic 
behavior of Homfl(i?/i?+, HJj + (M)) for s > f(M) is discussed, where f(M) is the finiteness 
dimension of M. It is shown that (M) is tame if (M) is Artinian for all i > h. 



1. Introduction 

Throughout R = ® ieNo Ri is a homogeneous positively graded Noetherian ring, so that R = 
Rq\x\, Xt] for some xt, xt € i?+ := ©j>x -Ri is the irrelevant ideal of R, and M = © igZ Mj 
is a graded i?-module which is finitely generated whenever it is explicitly stated. Denote by 
(M) the ith local cohomology module of M with respect to R+ . It is well-known that (M) 
inherits a natural grading and its nth components H^j + (M)„ is finitely generated i?o~rnodule for 
all n and is zero for all n ^> 0. 

Set c := cd(M) = sup{i G Z | (H^ + (M)) 7^ 0} to be the cohomological dimension of a 
finitely generated module M with respect to R + . In section 2 we study *Attfl(HJj, + (M)), the 
set all homogeneous attached prime ideals of H C R+ (M) and we will show that if (i?o,nao) i s local, 
then the set of maximal elements of it, Max(*Att#(H^ + (M))), is a finite set which is equal to 
Att R (U c R+ (M/m Q M)). 

In section 3, we study Assj?(H^. + (M)), for s > 0. We first show that if K is a module (not 
necessarily finite) over a Noetherian ring, then for each ideal a of S and each non-negative integer 
s, we have 

Ass s Ql s a (K)) C u Ass s (Extr j+1 (S'/a,H J a (isr))/ J L J ) U Ass s (Ext|(5/a, i^)/L) 

0<j<s 

for some submodules L,Lq,--- , £ s _i of their appropriate modules. When M is a graded R- 
module (R — Rq[Ri] is, as usual, a homogeneous Noetherian graded ring) and the modules 
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Ext s R (R/R+,M), Ext^j j+1 (R/R + ,R R+ (M)),0 < j < s, are * weakly Laskerian (see Definition 
3.3), then Ass R (R R+ (M)) is a finite set. 

Section 4 is devoted to asymptotic behavior of the modules (M) and Hom R (R/ R+, H R+ (M)). 
We examine the asymptotic stability of associated primes, the asymptotic stability of supports, 
and tameness of Hom. R (R/ R + ,H R+ (M)) for graded module M. This gives a generalization of the 
result that H R+ (M) is tame, where / := f(M) = inf{i|H^ + (M) is not finitely generated } (cf. 
[BRS, Theorem 3.6(a)] ). It is shown in [Br, Theorem 4.8 (e)] that H^™ h(M) (M) is tame. We 
show that (M) is tame if H^, + (M) is Artinian i?-module for all i > h. This, in particular, 
implies that H^ r(M)_1 (M) is tame. 

2. Attached Primes 

Let S be a commutative ring and K be an S'-module. A prime ideal p of S is called an attached 
prime of K whenever there exists a submodule L of K such that p = L :$ K (cf. [MS]). Note 
that when K has a secondary representation K = K\ + ... + K r , say, then p = y/0 : Kl for some 
i G {l,...,r}. In this case the set of attached primes of K is uniquely defined (cf. [BS, 7.2]). 
For the graded module M, if p is an attached prime of M then it is straightforward to see that 
p* , the homogeneous prime ideal generated by all homogeneous elements of p, is also an attached 
prime of M. As usual we denote by *Speci? the set of all homogeneous prime ideal of R. For a 
subset T of Speci?, we denote *T = Tfl *Spcci?. Note that if M is an Artinian graded i?-modulc, 
then *Att jj(M) = Att R (M) (cf. [Ri, corollary 1.6] ). For the graded i?-module M, denote by 
c := cd(M), the cohomological dimension of M with respect to R + , i.e. c = sup{i| H l R+ (M) ^ 0}. 

When M is a finitely generated i?-module it is shown, in [BH, 6.2.7 ] and [Br, Proposition 
3.4. (a) ], that c = sup{dimfl(M/moM)|mo is a maximal element of Speci? }- 

In this section, we assume that M is a finitely generated graded i?-module and that i?o is not nec- 
essarily local and study the set *Att R (H c R+ (M)). We will show that the set Max(*Attij(H^ + (M))), 
of maximal elements of *Attij(H^j + (M)) is a finite set if i?o is local (see Corollary 2.2). 

2.1. Theorem. Assume that M is a finitely generated R-module. Then 

U p = U p. 

pe*AttR(Hfj + (M)) peAttfi(HJj + (M/moM)),m eMax(iJo) 

Proof. We prove it in three steps. 

Step 1. We show that U p C U p. Note that, by defi- 

peAtt fi (HJj (M/m M)),mo€Max(iJ ) pe*Att R (H R (M)) 

nition of c, for any mo S Max(iio), H^ + (M/moM) is cither zero or an Artinian graded i?-module 
and thus, by [Ri, Corollary 1.6], each element of Attij(H^j + (M/moM)), if there exists any, is a 
homogeneous ideal. Choose mo € Max(i? ) with c = dim^(M/moM). By the exact sequence 
— ► m M — ► M — > M/m M — ► we get an epimorphism ~K C R+ (M) -» H^ + (M/m M) and so 
Attij(H^ + (M/m M)) C *Att R (R c R+ (M)). Thus our claim is clear. 

Step 2. We prove that U p C U p. Set X = {p e Ass(M)| cd(i?/p) 

pe«Att fi (HJj + (M)) pe*Supp H (M),cd(ii/p)=c 

= c}. Thus there exists a graded submodule N of M such that Ass R (M/N) = X and 
Ass R (N) — Ass R (M) \ X ( one may choose N to be a maximal element of the set {T\T is a graded 
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submodule of M such that Ass R T C Assh(M) \ X} (see [Bo, page 263, Proposition 4] for non- 
graded case) ). Consider the exact sequence H^, + (N) — ► H^ + (M) — > (M/N) — > of graded 
modules. Note that cd(N) < c (c.f. [Br, Corollary 3.5]) and Ass R (N) C Ass fl (M). Therefore it fol- 
lows that H C R+ (N) = and H C R+ (M) = H R+ (M/N). Now, choose r to be a homogeneous element 
of R such that r $ U p. It follows from definition of N that r is not a zero divisor 

pG*Supp H (M),cd(,R/p)=c 

on M/N. Consider the exact sequence — ► M/N[-l] M/N — > -p^MJW) — " °' ( l : = de g r )> 
from which we have the exact sequence R c R+ (M/N)[-l} U C R+ (M/N) — > H^ + ( r( J ^ r) ) — ► 0. 

If R R + ( r(M/N) ) ^ ' thCI1 cd ( r(M/JV) ) = C &nd S0 ^(^/l) = C for SOme « G AsS A ( r(M/AT) ) ' 

As g £ *Supp i? (M) and r e q, this gives a contradiction. Therefore we have R C R+ (M/N) = 
rK c R+ (M/N) which implies that r £ U p e"Att R (H=j (m/jv))P- This completes step 2 because 
H^ + (M)^H^ + (M/AT). 

5iep 5. Finally we show U p C U p. Choose 

cd(fi/p)=c,pe*Supp R (M) m eMax(_R ),peAtt H (H^ + (M/m M)) 

p e *Supp fi .(M) with cd(i?/p) = c . Hence dim fl ( m ^^ p ^ ) = c for some m G Max(i? ) and so 
there exists q € Supp R (M/moM) such that mo-R + p C q and dim R (R/q) = c. This implies that 
q € Att R (H R+ (M /m M)) (see [MS], or [DY1, Theorem A] for non-local case). This is step 3 and 
so the proof is complete. □ 



The following corollary is in contrast to the result [Br, Corollary 3.9] which states that 
Min(AsSij(H^ + (M))) is a finite set. 

2.2. Corollary. Assume that (i?o,rrio) is a local ring and that M is a finitely generated graded 
R-module. Then 

Max(*Att iJ (H^ + (M))) = Att fl (H^ + (M/m M)). 

In particular, Max(*Atti}(H^, + (M))) is a finite set and it depends only on Supp iJ (M). 

Proof. Note that the set Att R (R c R+ (M/m M)) is a subset of the associated height of M/m M 
so that it is a finite set and there are no containment relations among its elements (c.f. [DY1, 
Theorem A]). Hence, by Theorem 2.1, and the right exactness of H^ + (— ), we get the result. □ 

Now we present an example of a finitely generated graded module M such that * Att_fj(H^ + (M)) 
is not a finite set. Assume that R = Rq[X] is the polynomial ring over a Noetherian local ring i?o 
with dimi?o > 1- As X is a non zero divisor on R, it is trivial that Ht x \(R) = Rx/R- It is easy 
to see that po[X] e* Att R (B^ x ^(R)) for any p € Speci? so that *Att R (K^ x - ) (R)) is an infinite set. 



3. Associated Primes, non-graded and graded cases 

For a graded i?-module M, we study the set of associated primes of H S R+ (M). In this section 
we first bring some results for non-graded case and then we state them for our main purpose. We 
assume that S is a Noetherian ring, K is an S'-module and a is an ideal of S. The aim of the 
following result is to show that, for any non-negative integer t, the set of associated primes of 
H* (K) depend s on the set of the associated primes of some quotients of the modules Extg(5*/o, K) 
and Ext t g j+1 (S/a,B i a (K)),0 < j < t (compare with [DM, Theorem 2.5]). 
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3.1. Theorem. Assume that S is a Noetherian ring, a is an ideal of S and that K is an S-module. 
Then, for each non-negative integer t, there exist a submodule L ofExt t s (S/a,K) and submodules 
Lj o/Ext|~ j+1 (Sy a, H£ (#)),() < j < t, such that 

Ass s (H*(JQ) C u < j<t As Ss (Ext^' +1 (5/o,ff (X))/L,) U Ass 5 (Ext' s (S/a, X)/L). 

Proof. The result is clear for t = 0. Assume that t > and that t — 1 is settled. Note that 
W a (K) R J a (K/T a (K)) for all j > 0. Assume that E is an injective hull of K/T a (K) and set N := 
E/{K/T a {K)). Hence we have ff a (N) S Hj+^A") and Ext 4 s (S/a, AO S Ext J s +1 (S/a, K/T a (K)) for 
all i > 0. By our induction hypothesis, there exist submodules T and Lj+i of the appropriate 
modules such that 

(1) A SSS{ K-\N))C U Ass s( E ^ 1 ' J 7^ H °( iV )) )uAss s ( Ex ^ 1 ^ iV ) ). 

o<j<t— l Ai+i 

Note that from the exact sequence Ext^(S/o, X) Ext^(S/o, K/T a {K)) Ext* s +1 (5/a, r a (A)) 
we have the induced exact sequence 

Ebrt* s (S/o, K)/f-\T) M Ext 4 s (5/a,X/r Q (X))/T Ebrt'+^S/a, T a (K))/g(T). 
Therefore, there are submodules L and Lq of the appropriate modules such that 

(2) AsSs( ^US/a K/r a (K)) ) c ^ Ext^S/,^) Extr i (5/a,r.(/Q) 

T L Lo 

Now, (1) and (2) imply the claim. □ 



3.2. Corollary. Assume that R = Ri is a homogeneous Noetherian graded ring (i.e. R = 

ieN 

Ro[Ri\) and M is a graded R-module. Then, for each non-negative integer s, there exist graded 
submodules L of Ext s R (R/R+, M) and Lj of Ext s R j+1 (R/R+, R R+ (M)), < j < s, such that 

. /TTS . Exk'n i+1 (R/R+,-H*(M)) Ext s R (R/R + , M) 
Ass fl (HV(M))C U As Sii ( 2 £± )UAss fl ( RK ' + ' ; ). 

0<j<s Lj L 

Proof. The proof is similar to that of Theorem 3.1. One might take into consideration that in 
the proof we replace injective hull of M /T "r + {M) by *injective hull of M /V R+ {M) and note that 
all modules are graded and all homomorphisms are homogeneous. □ 



3.3. Definition, (sec [DM, Definition 2.1]) A graded i?-module M is called *weakly Laskerian if 
for each graded submodule N of M, Assr(M/N) is a finite set. 

3.4. Corollary. Assume that R is a homogeneous Noetherian graded ring, M is a graded R-module 
and that s is a non-negative integer. If all the modules Ext s R (R/R + , M) and 

Ext s R j+1 (R/R + ,R R+ (M)),0 < j < s, 

are * weakly Laskerian, then Assr(R s r+ (M)) is a finite set. 

Proof. It follows from Corollary 3.2. □ 
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4. Asymptotic behaviors 

Assume that M is a graded i?-module. The module M is said to have the property of asymptotic 
stability of associated primes (resp. asymptotic stability of supports) if there exists an integer n 
such that Ass_r (M„) = Ass flo (M„ ) for all n < n (resp. Supp fio (M n ) = Supp fio (M„ ) for all 
n < no). The module M is called tame if M, = for all i <C or else Mi ^ for all i<0. Here, 
we study the above asymptotic behaviors of Homjj (R/R + , H R+ (M j). In this connection, there are 
three open problems. 

4.1. Problems, (cf. [Br, Problems 6.1, Problem 7.1, and Problem 4.3]) Let i e No and let M be 
a finitely generated graded i?-module. 

(i) H^. + (M) has the property of asymptotic stability of associated primes. 

(ii) H l R (M) has the property of asymptotic stability of supports. 

(iii) K R+ (M) is tame. 

Note that (i) implies (ii) and (ii) implies (iii). In this section we investigate the above questions 
for the module Rom R (R/R + , H' fl+ (M)). We note that for a graded .R-module M, Ext' fl (R/R+, M) 
has a natural grading and Ext R (R/R + , M) = Ext R (R/R + , M) for all i > (see [BS, Proposition 
12.2.7]). We first note the following easy lemma. 

4.2. Lemma. Assume that R is a homogeneous Noetherian graded ring and that M is a graded 
R-module. Then the following statements hold. 

(i) . IfHom R (R/R + ,M) is tame, then M is tame. 

(ii) . Assume that (Rq,xx\.q) is local and thatm* :— rrio+i?+ is the *maximal ideal of R. Assume that, 
for the graded R-module M, each component Mi is a finite R -module. If M/m*M is Artinian, 
then M is tame. 

Proof, (i). Assume that there is n G Z such that Hom R (R/R + , M) n is either zero for all n 
with n < n or is non-zero for all n with n < n . Now assume that Mk = for some k < no- We 
show that Mi = for all I < k. It is enough to show that Mk-i = 0. As R\Mk-i C Mk = 0, we 
have M fc _i CO : R+ ^ Uom R (R/R + , M) fe _i = 0. 

(ii). As M/m*M is Artinian it is also Noetherian and so (M/m*M) k = for all k < 0. By 
Nakayama Lemma we get Mk — R\Mk-i for all fc <C 0. This implies that M is tame. □ 

4.3. Definition. A graded module M over a homogeneous graded ring R is called asymptotically 
zero if M n = for all n < 0. 

All finitely generated graded i?-modules are asymptotically zero. Now, we are ready to present 
our main results of this section. We put these results in the following theorem. 

4.4. Theorem. Assume that M is a graded R-module and that s is a fixed non-negative integer 
such that the modules 

Ext^' (R/R+, R R+ (M)), Ext^' +1 (R/R+, R R+ (M)), j = 0, 1, • • • , s - 1 

are asymptotically zero (e.g. they might be finitely generated). Then the following statements hold. 

(i) The module ExtJ.(i?/i? + , M) has the property of asymptotic stability of associated primes if 
and only if Kom R (R/ R + ,K S R+ (M)) has the property of asymptotic stability of associated primes. 
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(ii) The module Ext s R {R/R+, M) has the property of asymptotic stability of supports if and only 
ifHom R (R/R + ,H s R+ (M)) has the property of asymptotic stability of supports. 

(Hi) The module Ext s R (R/R + , M) is tame if and only if Rom R (R/ R + ,R S R+ (M)) is tame. 

Proof. The proofs of (i), (ii), and (iii) are essentially similar therefore we give a proof for (iii) 
only. The proof is inspired by that of [DY2, Theorem 6.3.9]. The case s = is trivial because we 
have Rom R (R/ R + ,T R+ (M)) = HoniR {R/R +1 M) . Assume that s > and that the case s — 1 
is settled. Denote the * injective hull of M/T R+ (M) by E and denote N := "E/(M/T R+ (M)). 
Therefore we have the exact sequence 

— ► M/T R+ (M) — >E — ► N — ► 0, 

which implies the isomorphisms R R+ (N) = H R + ^(M) and 

(t) Ext j R (R/R+, N) S* Ext^ 1 (R/R+, M/T R+ {M)) 

for all j > (note that Rom R (R/R + , *E) = = T R+ (E)). Thus, for all j > 0, we have the 
isomorphisms 

Ext'n 1 -* {R/R+tf^N)) - E x t s R ^ +1 \R/R + ,R^(M)) 

and 

Ext'^ 1 (R/R+^N)) = E x t R -( j+1)+1 (R/R + ,H£ + \M)). 
Therefore, for all j = 0, • • • , s — 2, the modules 

Ext^ 1 ^ (R/R + , R R+ (N)), Ext^ 1 "^ 1 (R/R + , R R+ (N)) 
are asymptotically zero. We now prepare the requirement for the induction step s — 1 for N. By 
the exact sequence — ► T R+ (M) — ► A'/ — ► M/T R+ (M) — > we have the exact sequence of 
graded modules with homogeneous homomorphisms 

Ex4(JL IV(M)) Ext^,M) - Ext^, .^y) Ext^ 1 ^, IV(M)). 

By our hypothesis for s and j = 0, there exists t £ Z such that the modules Ext R (R/ R + , T R+ (M)) n 
and Ext s R (R/R + ,T R+ (M)) n are zero for all n < t. Therefore, for each n < t, we have an R - 
isomorphism 

(tt) Ext s R (R/R + ,M) n ^Ext s R (R/R + ,M/T R+ (M)) n . 

Now, it follows, from (f) and (ff), that Ext s R (R/R+, M) is tame if and only if Ext^ 1 (R/R + ,N) 
is tame, which is also equivalent to say that Rom R (R/R + , R R ~^(N)) is tame, by our induction 
hypothesis. This statement is also equivalent to say Rom R (R/ R + ,R S R (M)) is tame. □ 



4.5. Corollary, (see [Br, Theorem 4.8(b)] and [DY3, Theorem 2.1]) Assume that M is a 
finitely generated graded R-module and that s is a fixed non-negative integer such that for each 
i < s, R l R+ (M) is R + -cofinite, i.e. Ext 3 R (R/R + ,R R+ (M)) is finitely generated for all j. Then 
Rom R (R/R +7 R R+ (M)) is asymptotically zero. In particular, Rom R (R/ R +7 R s R+ (Mj) is finitely 
generated and so R R+ (M) is tame. □ 

Let M be a finitely generated i?-module and n :— dim R (M). In [Br, Theorem 4.8 (e)], Brod- 
mann showed that R R+ (M) is tame. This clearly implies that (M) is tame (this is also a con- 
sequence of the fact that (M) is an Artinian module) . Brodmann also showed that (M) 
is tame for all i <= *(M) , where *(M) = {height(p/(0 : R M))|p e Min((0 : R M)) + R + } (sec [Br, 
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Theorem 4.8 (d)]). Note that when i? is a field and M = R [x], we have <J(M) = {dim fl (M)}. 
Therefore it would be significant to see explicitly that H^ 1 (M) is tame. This result is a conse- 
quence of a more general one ( see Corollary 4.8). 

In the remainder of this section we assume that M is a graded module over the homogeneous 
Noetherian graded ring R = ® 

i6N 

4.6. Definition. (See [DY3, Definition 3.1]) Define q(M) := sup{i\H l R+ (M) is not Artinian}. If 
H R+ (M) is Artinian for all i, we write q(M) = — oo. 

4.7. Theorem. Assume that the base ring Ro is local with maximal ideal mo and that M is a 
finitely generated graded R-module. Then 

<f ) (M)/m*<f ) (M) 

is Artinian. 

Proof. Set n{M) := cd(M) — q(M) and we prove our claim by using induction on n(M). 
When n(M) — the result is known (c.f. [Br, Theorem 2.3 (b)]) because, in this case, 
R R ^ ) (M)/m*B. R { ^ ) (M) is a homomorphic image of H^ ) (M)/m H^ /) (M) . Assume that 
n(M) — n > and we have proved the statement for any finitely generated graded R— 
module N with n(N) = n — 1. Thus we have cd(M) > 0. We may assume that q(M) > 0. 
Therefore, q{M) = q{M/T R+ {M)), cd(M) = cd(M/T R+ (M)), and n(M) = n{M/T R+ {M)). 
Hence we may assume that M is R + -torsion free and there exists x £ R\ which is non- 
zero-divisor on M and cd(M/irM) = cd(M) - I (c.f. [RS, 1.3.7]). The short exact sequence 
— ► M[— 1] -^-> M — ► M/xM — ► yields a long exact sequence 

► <f >(M)[-1] H^ /} (M) — Hf(M/xM) — H^ )+1 (M)[-1] — • • • 

from which we have the exact sequence 

— < + M) (M)/x<f(M) — H^M/xM) — (0 : *)[-!] — 0. 

H ^(M) + l (M) 

Therefore we have the exact sequence 

Torf (R/m*, (0 . x))[-l] — < + M) (M)/m* < + M) (M) — 

H^ )+1 (M) + + 



Hf(M/,M)/m*Hf(M/,M)-,(0 . x)/m*(0 : x)[-l]. 



H^"' + 1 (M) H^ J ' + 1 (M) 

Note that the first and the last term in the above exact sequence are Artinian modules. If 
H^°(M/xM) is Artinian then (M/xM)/m* (M/xM) is Artinian and so 

H*£°(M)/m*H*£°(M) 

is also Artinian. Now, we assume that H^'(M/iM) is not Artinian. It follows that q(M/xM) = 
q(M) and hence n(M/xM) = cd{M/xM) - q(M/xM) = n(M) - 1. By our induction hypothesis, 
B q R i f\M/xM)/m* R^iM/xM) is Artinian. By the above exact sequence, the module 

<f } (M)/m* H^ } (M) 
is Artinian. □ 
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Proof. Note that lf™ R(M> (M) is Artinian (c.f. [BS, Theorem 7.1.6]). The claims follow by 
Theorem 4.7 and Lemma 4.2(h). □ 
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